Strauss PDEs 2e: Section 9.2 - Exercise 20 Page 1 of 4

Exercise 20

“Descend” from two dimensions to one as follows. Let uy = c?uy, with initial data ¢(x) =0 and
general (). Imagine that we don’t know d’Alembert’s solution formula. Think of u(x,t) as a
solution of the two-dimensional equation that happens not to depend on y. Plug it into (19) and
carry out the integration.

Solution

Equation (19) in the textbook gives the solution to the two-dimensional wave equation with the
initial data, u = 0 and u; = 1, at a particular point (xq, yo, to)-

(o, 9o, to) = —— // (e, y) g dudy (19)

2me 22 — (. —20)2 — (y —
(z=20)*+(y—0)? 25— ( 0)? = (y = v0)?]
SCQI%

This double integral is over a disk in the xy-plane centered at (zg,yo) with radius ctg. Suppose

that 4 and 1 do not depend on y.
// Y(z) dz dy

g — (z — 20)* — (¥ — y0)?
(5—20)2+(y—10)> Ve
§02t8

u(:Eo, to) = %

The integral in dy is now one we can evaluate.
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Figure 1: The shaded region is the disk (x —20)? + (y — y0)? < c?t3 centered at (7o, yo) with radius
ctg. The lower half of it is represented by y = yg — \/ ct3 — (x — z0)?, and the upper half of it is
represented by y = yo + \/czt% — (z — x0)2.
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Integrate over the disk in the zy-plane as shown in Figure 1 so that dy comes first.

1 zotcto  ryot/cAtE—(z—z0)? w(x)
U(ﬂ?o,to) = 2771_6
x y
1

o—cto Jyo—y/PB—(w—20)? /Pt — (x—20)> = (y — y0)?
zo-+cto yoJr\/CQtCZ)*(ﬁO)2 dy
— ¥(x) / dz
Y

VR VPl — (@ =207 — (Y — o)

dy dz

2me xo—cto

Let m =y — yo in the integral.

1 To+cto C2t(2)—(:l,’—xo)2 d
=5 Y(z) / 5 m dx
2mE Jao—cto VEE P VP — (@ — x0)? —m?
Let p? = ¢} — (x — x0)2.
1 xo+cto

p dm
B Tm xo—cto 17/)('%.) (/—p \/p2 — m2> da

Use trigonometric substitution to evaluate the integral in parentheses.

m = pcosf - p?—=m?=p?—p*cos’h = p?sin?0 —  A/p?—m?2=psinh
dm = —psinf df

The integral becomes

1 zo+cto cos™ (1) _ sin 6 db
u(o, to) = e ( / ) de

27C J po—cto os—1(=1) psind

1 xo+-cto 0
=5 P(x) (—/7r d9) dx

xo—cto
1 xo+cto
= 9me , Y(x)(m) da
xo—cto
1 xo+cto
= — dz.
2 ) Y(z) dx

Therefore, switching the roles of z and xy, we obtain the solution predicted by d’Alembert’s
formula.

x+ct
u(z,t) = ! / P(xo) dxg

2c —ct
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General Initial Conditions

The aim here is to obtain the solution to the one-dimensional wave equation subject to two initial
conditions by descending from the second dimension. The solution to the two-dimensional wave
equation with two initial conditions,

U = 02V2u, —oco<x,y<oo, t>0
u(z,y,0) = ¢(,y)
ut(xayao) = w(xﬂy)a

is

_ o971 #(xo,y0)
w@,y,t) = ot {2770 // \/c2t2 (20 —2)% — (%0 — )2 dzo dyo

(wo—)%+(yo—y)?
<c2t2?

1 (o, yo)
4+ — dxo dyo.
2me ﬂ \/02t2 (zo — .CC)Q —(yo — y)2 0 @Yo

(wo—)%+(yo—y)?
<c2t?

These double integrals are over a disk in the xgyp-plane centered at (x,y) with radius ct. Suppose
that v and ¢ and v do not depend on y.

a1 ¢(x0)
u(x,t) = ot [2% // \/02752 Sy A dxg dyo

(zo—z)2+(yo—y)?
SCQtQ

RS ¥(zo) .
+ 2me // \/02t2 — (o — x)Q _ (yo _ y)2 dzo dyo

(zo—z)2+(yo—y)?
§02t2

The integrals in dyg can now be evaluated. Integrate over the disk in the zgyp-plane as shown in
Figure 2 so that dyg comes first.

[ / e $lao)

2me Jy y—v/c2t2—(zo—z)? \/CQt2 - (1'0 - x)Q - (3/0 - y)

T+ct  py+4/c2t2—(zo—x) " (1,0)
/ \/c2t2—(zo—2x) \/CQtQ 1'0 - x)Q - (yO - y)Q

b 1 z+ct y++/c2t2—(zo—z)? dyo
~ ot 2/ ¢(0) / 272 2 o
t | 2w Jomat /PR (@22 /Pt~ (x0 — )% — (yo —¥)

0
u(z,t) = e [ s dyo dﬂ?o]

—ct

dyo dxg

2770 ot

1 z4ct c2t2—(zo—x)2 dyo
+ 5 (o) / 2.2 2 2 dzo
27 Joet y—/EE (o0 /P — (w0 — )% — (yo — V)
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Figure 2: The shaded region is the disk (zo — )%+ (yo —y)? < c*t? centered at (zo, yo) with radius
cto. The lower half of it is represented by yo = y — \/c?t2 — (z¢ — x)2, and the upper half of it is
represented by yo = y + /22 — (zg — x)2.

Let n =yo — y.
0 1 z+ct 2t —(wo—x)? dn
u(z,t) = - / o(xo) / dzo
ot | 2me Jp_w 7T e \/02t2 — (20 — 7)2 — n2
1 @+t / 2 —(zo—x)? dn
+ — €T dz
27e Jy—et ¥lzo) [ /P2 (zo—2)2 \/62t2 —(zo—x)2—n? 0

Let h? = 212 — (zg — x)2.

B r 1 x+ct h dn 1 x+ct h dn
=2 | = — 2 )ad — — 2 )4
ot _27TC r—ct ¢<x0) </—h h? — TL2> x0:| - 2mc /:c—ct w(x(]) </—h h? — n2> "o

a r 1 x+ct 1 x+ct

5 lame [ otamas] + 5 [ e dog
o r 1 z+ct 1 z+ct

g Lo [ oty dzo] o [ vt deo
1 8 x+ct x+ct

= %&Act (b(x()) d:L’o-i-% e 1/)(.%0) dxo

Apply the Leibnitz rule to differentiate the integral and obtain d’Alembert’s formula.

xr+ct
L@ + et)(e) — ol — ct)(—0)] + ~ / (o) derg

- 2c ?C —ct

- %[qﬁ(x +ct) + p(x — ct)] + 1 /;Jrc V(o) dzo

2¢ —ct
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